In this paper, we consider a class of vector-functions, which are analytic in the unit ball. For this class of functions there is introduced a concept of boundedness of L-index in joint variables, where L = (l 1 , l 2 ) : B 2 → R 2 + is a positive continuous vector-function, B 2 = {z ∈ C 2 : |z| = |z 1 | 2 + |z 2 | 2 ≤ 1}. We present necessary and sufficient conditions of boundedness of L-index in joint variables. They describe the local behavior of the maximum modulus of every component of the vector-function or its partial derivatives.
INTRODUCTION
A concept of bounded index for entire function [19] draws attention of many mathematician (see a full bibliography in [5, 24, 26] ) to investigations of these function class and its possible applications. It is interesting with its connections with value distribution theory, because every entire function has a bounded value distribution if and only if its derivative has a bounded index [15] . Also, there are many papers devoted to index boundedness of analytic solutions of differential equations [12, 13, 18] . It is important because any function of bounded index have its growth estimates, local behavior of derivatives and some uniform distribution of zeros. Moreover, some authors [26] [27] [28] [29] [30] [31] [32] [33] study connection between p-valence and l-index boundedness of analytic functions, the existence of solutions of the second order linear differential equations with polynomial coefficients which are starlike, convex, close-to-convex and of bounded lindex (l : C → R + is a continuous function). In other words, they combine analytic and geometric properties of functions of complex variable. Let us give a main definition introduced by B. Lepson [19] . An entire function f is said to be of bounded l-index if there exists an integer m, independent of z, such that for all p and all z ∈ C | f (p) 
If we replace p! by p!l p (z) and s! by s!l s (z) in the definition, respectively, then we obtain the definition of entire function of bounded l-index [17] . The generalization was proposed by A.D. Kuzyk and M.M. Sheremeta to go beyond class of entire functions of exponential type because every entire function of bounded index is of exponential type [15] .
Of course, there are papers on analytic curves of bounded l-index. This function class naturally appears if we consider systems of differential equations and investigate properties УДК 517.55 2010 Mathematics Subject Classification: 32A10, 32A17, 32A37. c Baksa V. P., 2019 of their analytic solutions. A concept of bounded index for entire curves was introduced with the sup-norm [16] and with the Euclidean norm [23] . In these papers the authors replaced the modulus of function by the appropriate norm in the definition. Later there was proposed a definition of bounded ν-index [22] for entire curves with these norms. In this definition, R. Roy and S.M. Shah replaced p! by p!|z| p and so on. Also M.T. Bordulyak and M.M. Sheremeta [14, 25] studied curves of bounded l-index which are analytic in arbitrary bounded domain on the complex plane. These mathematicians found sufficient conditions providing l-index boundedness of every analytic solutions for some system of differential equations.
Recently, there was published paper [21] about entire vector-valued bivariate functions having bounded index. The authors considered a concept of bounded index with the sup-norm. We will develop their approach and will investigate vector-valued functions which are analytic in the unit ball.
Our present investigation has used methods of A.I. Bandura and O.B. Skaskiv developed them for analytic functions in the unit ball [2] [3] [4] 10] . It is known that analytic function with unbounded multiplicities of zeros is of unbounded l-index for any positive continuous function l. The similar statement is valid for functions analytic in the unit ball [1] . In other words, functions with unbounded multiplicities of zero points are not still objects of investigations in theory of bounded index. But we can replace studying of properties of the function f with unbounded multiplicities of zero points by studying of properties of the map ( f , 1). Such approach allows to investigate any analytic functions in theory of bounded index.
NOTATIONS AND DEFINITIONS
Here we use some standard notations (see [3] [4] [5] 
we will use formal notations without assumption of the existence of these expressions: AB = (a 1 b 1 , a 2 b 2 ), A/B = (a 1 /b 1 , a 2 /b 2 ), A B = (a b 1 1 , a b 2 2 ), аnd the notation A < B means that a j < b j , j ∈ {1, 2}; the relation A ≤ B is defined in the similar way. For K = (k 1 , k 2 ) ∈ Z 2 + let us denote K! = k 1 ! · k 2 !. Addition, multiplication by scalar and conjugation in C 2 is defined componentwise. For a = (a 1 , a 2 ) ∈ C 2 
Let F(z, w) = ( f 1 (z, w), f 2 (z, w)) be an analytic vector-function in B 2 . Then at a point (a, b) ∈ B 2 the function F(z, w) has a bivariate vector-valued Taylor expansion:
Let L(z, w) = (l 1 (z, w), l 2 (z, w)), where l j (z, w) : B 2 → R 2 + are positive continuous functions such that
where β > √ 2 is a some constant.
Indeed,
The norm for the vector-function F : B 2 → C 2 is defined as the sup-norm
We write
An analytic vector-function F :
The least such integer n 0 is called the L-index in joint variables of the vector-function F and is denoted by N(F, L, B 2 ). The concept of boundedness of L-index in joint variables was considered for other classes of analytic functions. They have differed domains of analyticity: the unit ball [1, 3, 4, 10] , the polydisc [7, 9] , the Cartesian product of the unit disc and complex plane [8] , n-dimensional complex space [1, 6, 11, 12] . 2 (see details in [9] ). But |R| = 1, therefore, it is easy to see, that the vector-function F(z, w) = ( f (z, w), 1) has the same bounded L-index in joint variables N(F, L, B 2 ) = 0 in the unit ball B 2 .
Q(B 2 ) stands for the function class of L : B 2 → R 2 + , which obey inequality (1) and for any j ∈ {1, 2} and some R = (r 1 , r 2 ), |R| ≤ β :
The function class Q(B 2 ) also can be defined as follows: for all R ∈ R 2 + , |R| ≤ β, and for j ∈ {1, 2} the inequality 0 < λ 1,j 
LOCAL BEHAVIOR OF PARTIAL DERIVATIVES OF VECTOR-VALUED BIVARIATE ANALYTIC FUNCTIONS HAVING BOUNDED L-INDEX IN JOINT VARIABLES
The following theorem is basic in the theory of functions of bounded index. Our proof is similar to proof of the corresponding theorem [2] for analytic functions from B n onto C. For other classes of analytic functions it is proved in [5, 8, 9, 20, 24] .
Proof. Below we repeat considerations from [2] , replacing modulus of function by the norm of vector-function. Let F be an analytic vector-function of bounded L-index in joint variables with
where [x] stands for the entire part of the real number x. For p ∈ {0, . . . , q} and (z 0 , w 0 ) ∈ B 2 we denote:
Using equality (3) and
Taking into account (4), we obtain
Let
Since by the maximum modulus principle we have
Then we have
We
. From (8) by mean value theorem we have
where 0 ≤ t * ≤ 1, and
Then from (11), (9) and (10) we obtain
It follows that S * p ((z 0 , w 0 ), R) ≤ 2S * p−1 ((z 0 , w 0 ), R) and in view of (6) and (7) one has
This inequality implies (5) with p 0 = 2 ∏ 2 j=1 ((λ 1,j (R)) −N (λ 2,j (R)) N ) q and some k 0 , m 0 , such that k 0 + m 0 ≤ N. The necessity of condition (5) is proved. Now we prove the sufficiency. Assume that for every R ∈ R 2 + , |R| ≤ β, there exist n 0 ∈ Z + , p 0 > 1, such that for every (z 0 , w 0 ) ∈ B 2 + and for some (k 0 , m 0 ) ∈ Z 2 + , (k 0 + m 0 ≤ n 0 ), inequality (5) holds. By Cauchy's integral formula we have (∀(z 0 , w 0 ) ∈ B 2 ), (∀(k, m) ∈ Z 2 + ), (∀(s, y) ∈ Z 2 + ):
Hence, in view of (5), we obtain that
. It follows that
It is obvious that k!s!
Therefore, there exists s 0 such that for every (s, y) ∈ Z 2 + with s + y ≥ s 0 the inequality holds
Then, in view of (13), one has
.
It implies that for all
where s 0 and n 0 do not depend on (z 0 , w 0 ). Then the analytic vector-function F in B 2 has bounded L-index in joint variables N(F, L, B 2 ) ≤ s 0 + n 0 .
Note that instead of sup-norm F(z, w) = max 1≤j≤2 {| f j (z, w)|} one can consider the Euclidean norm F(z, w) E = | f 1 (z, w)| 2 + | f 2 (z, w)| 2 .
Theorem 1 implies the following corollary. Proof. Obviously, that for all (k, s) ∈ Z 2 + and for all (z, w) ∈ B 2 we obtain
Using the given double inequality and repeating arguments from Theorem 1 for the case of the Euclidean norm we can verify the equivalence of these norms for vector-functions having bounded L-index in joint variables.
Further, we will use only the sup-norm.
The following proposition was obtained for entire curves in [14] . Here we deduce it for vector-functions which are analytic in the unit ball. Proof.
and, thus, for i + j ≥ N + 1
. In order that an analytic vector-function F : B 2 → C 2 be of bounded L-index in joint variables it is necessary that for all R ∈ R 2 , |R| ≤ β there exist n 0 ∈ Z + , p ≥ 1 such that for all (z 0 , w 0 ) ∈ B 2 there exists (k 0 , m 0 ) ∈ Z 2 + , k 0 + m 0 ≤ n 0 , satisfying inequality
and it is sufficiently that for all R ∈ R 2 , |R| ≤ β there exist n 0 ∈ Z + , p ≥ 1 ∀(z 0 , w 0 ) ∈ B 2 ∃k 0 1 = (k 0 1 , 0), ∃m 0 2 = (0, m 0 2 ): k 0 1 ≤ n 0 , m 0 2 ≤ n 0 , and max{ F (k 0
Proof. Then by Theorem 1 inequality (5) is obeyed for some tuple (k 0 , m 0 ). We obtain
:
From this inequality it follows
From inequality (14) it follows (5) with p = p 0 (λ 2,1 (R)) n 0 (λ 2,2 (R)) n 0 . The necessity of condition (14) is proved. Now we prove the sufficiency of (15) and (16) . Suppose that for each R ∈ R 2 , |R| ≤ β there exist n 0 ∈ Z + , p ≥ 1 such that for every (z 0 , w 0 ) ∈ B 2 and some k 0 1 ∈ Z + , m 0 2 ∈ Z + with k 0 1 ≤ n 0 , m 0 2 ≤ n 0 inequalities (15) and (16) hold. Let us write the Cauchy formula in the form ∀(z 0 , w 0 ) ∈ B 2 ∀(s, y) ∈ Z 2
We obtain that
. In view of (15) and (16) we have
We choose s, y ∈ Z 2 + such that s + y ≥ s 0 , where p (β/ √ 2) s 0 ≤ 1. Then from (17) and (18) we obtain as k 0 1 ≤ n 0 , m 0 2 ≤ n 0 F (k 0 1 +s,y) (z 0 , w 0 )
Therefore, N(F, L, B 2 ) ≤ n 0 + s 0 . Proof. Let N(F, L 1 , B 2 ) = n 0 . In view of (2) we obtain that
Therefore, the vector-function F has a bounded L 2 -index in joint variables and N(F, L 2 , B 2 ) ≤ 2N(F, L 1 , B 2 ).
The notation L ≍ L means that there exist θ 1 ∈ R + , θ 2 ∈ R + such that for all z ∈ B 2 and for each j ∈ {1, 2} we have Proof. It is easy to prove that with L ∈ Q(B 2 ) and L ≍ L corresponding function L ∈ Q(B 2 ).
Let N(F, L, B 2 ) = n 0 < +∞. Then by Theorem 1 for each R = ( r 1 , r 2 ) ∈ R 2 + , |R| ≤ β there exists p ≥ 1 such that for all (z 0 , w 0 ) ∈ B 2 and some (k 0 , m 0 ) with k 0 + m 0 ≤ n 0 inequality (5) is true with L and R instead of L and R, respectively. Hence, we have : k+m ≤ n 0 , (z, w) ∈ D 2 (z 0 , w 0 ), θ 1 R/ L(z, w) .
By Theorem 1 we conclude that the vector-function F has a bounded L-index in joint variables. . In the general case, with validity of (5) for F, L and R = (r 1 , r 2 ) such that |R| ≤ β, R = R 0 , we get max F (k,m) (z, w) k!m!(l * 1 (z, w)) k (l * 2 (z, w)) m : k + m ≤ n 0 , (z, w) ∈ D 2 [(z 0 , w 0 ), R 0 /L * (z, w)]
= max F (k,m) (z, w) k!m!(r 0 1 l 1 (z, w)/r 1 ) k (r 0 2 l 2 (z, w)/r 2 ) m : k+m ≤ n 0 , (z, w) ∈ D 2 (z 0 , w 0 ), : k 0 + m 0 ≤ n 0 F (k 0 ,m 0 ) (z 0 , w 0 ) k 0 !m 0 !(l * 1 (z, w)) k 0 (l * 2 (z, w)) m 0 , i.e. (5) is true for F, L * and R 0 = (β/ √ 2, β/ √ 2). Hence, by Theorem 1 the vector-function F is of bounded L * -index in joint variables. By Lemma 2 the vector-function F has a bounded L-index in joint variables.
